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Abstract

This note reviews Atiyah-Bott localization theorems in equivariant cohomology.
The goal is to highlight the following three things: First, that proofs of Atiyah—Bott
style localization theorems can be made completely formal. Second, give easy to check
conditions for when an Atiyah—Bott style localization theorem holds in the integer
graded setting, and show they always hold in the RO(G)-graded setting. Finally, clarify
the situation for non-abelian groups.
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1 Introduction

The results in this note are surely known to experts. Moreover, the proof strategy is the
same as that of Atiyah-Bott [AB84]. However, it can be difficult to extract the general
statement from the literature; in particular it is not always clear which assumptions are
strictly needed, and which assumptions are purely in place for simplification purposes.

The purpose of this note threefold:

1. Show that proofs of Atiyah—Bott style localization theorems can be made completely
formal.

2. Give easy to check conditions in the integer graded setting for an Atiyah—Bott style
localization theorem to hold, and show that Atiyah—Bott style localization theorems
always hold in the RO(G)-graded setting.

3. Clarify the situation for non-abelain compact Lie groups.



2 Equivariant Localization Theorems

Equivariant localization theorems are among the most classical of theorems in equivariant
homotopy theory. We highly recommend reading Atiyah-Bott [AB84], and watching [Hop14].

Classical equivariant localization theorems for equivariant Borel cohomology, equivariant
K-theory, and equivariant bordism, have been proven in [AS65, AB84, BV82, Qui7l], [Seg68],
and [Die70] respectively. Localization theorems for equivariantly complex oriented cohomol-
ogy theories have been proved by Greenlees [Gre01]. More recently localization theorems have
been proved for RO(Cs)-graded Bredon cohomology by May [May20], and RO(C,)-graded
Bredon cohomology by Basu-Ghosh [BG21].

Before equivariant localization theorems, there were equivariant integration formulae: In
favourable situations, equivariant integration formulae describe an integral of some equivariant
quantity over a manifold in terms of a finite sum over the fixed points
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These ideas are ubiquitous in physics; in work that lead to what is now known as the
Witten genus, Witten used equivariant integration formulae to study the index of a would-be
Dirac operator on the loop space of a manifold [Wit06]. Arguably, the first instance of an
equivariant integration formula goes back to work of Duistermaat—Heckmann [DHS82].

Work of Atiyah—Bott [AB84], and simultaneously Berline—Vergne [BV82], explained the
Duistermaat—Heckmann formula in terms of a localization theorem in equivariant cohomology.

Roughly speaking, a localization theorem says that, upto inverting some elements, the equiv-
ariant cohomology of a suitably nice G-space is determined by the equivariant cohomology of
its fixed points. The idea that the equivariant cohomology of a space is closely related to the
equivariant cohomology of its fixed points fixed points goes back to at least as far as Borel,
but it was Atiyah—Bott that first gave the precise formulation in terms of an isomorphism
modulo torision.

Here suitably nice usually means that G is a torus or a finite cyclic group, and the space
is usually is a compact manifold with a smooth action of G or a finite G-CW-complex. In
all cases, these assumptions are in place exclusively for the purpose of providing a way to
decompose the space into orbits, in a cohomologically well behaved manner. After separating
the orbits from the fixed points, one kills the contribution from the orbits by inverting classes
which annihilate the cohomology of the orbits.

3 Abstract Localization Theorems

We abstract Atiyah—Bott style Localization Theorems to the following setup. Note, this
abstract setup is not the most general setup in which a localization theorem is true; it is
soley designed to isolate the key aspects of the Atiyah—Bott’s proof.

Definition 3.1. We define a localization context (C,F, A, h) as the following setup:
e Let C be a stable oco-category.

e Let F be a collection of objects in C.



e Let A be an ordinary 1-category.

e Let h: C°? — A which satisfies the following: For any pushout square in C

A——B
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¢ — D
with A and C in F, it follows that h(D) — h(B) is an isomorphism.

Vi
Remark 3.2. The example to keep in mind is the following:

e Let C be SpY for G =T .
« Let F be the collection of S x ¥XG/H for H # G.
o Let A be the category of (possibly graded) commutative rings.
e Let h: C°? — A be Bredon cohomology with euler classes inverted.
/

In this setup localization theorems are automatic:

Proposition 3.3 (Abstract Localization). Fiz a localization context (C,F, A, h). Let Xy in
C. Suppose that there is a sequence of pushout squares

S, —— X,

L

Dn e Xn+1

with Sy, and D,, in F. Then Xy — X,, induces an isomorphism h(X,) — h(Xy) for every n.

Remark 3.4. The notation S,, and D,, above is purely suggestive; S,, and D,, are arbitary
objects of F. Y

Remark 3.5. In the context of G-spectra, we think of X, as the fixed points of some
G-spectrum or G-space X which admits a good cell descomposition Xg < X; < Xg < - .
In this context S, and D,, will be S” ® ¥°G//H and X°G/H respectively. Y.

Proof. This follows by induction from the assumption on the pushout squares and the the
assumption on h. O
No where in Proposition 3.3 did we use that C is stable. The assumption that C is stable is

included just to make the condition on h easy to check.

Lemma 3.6. Let C be a stable co-category. Let A be an abelian category. Let h: C°P — A
be a functor which: sends binary coproducts to binary products in A; and which is ezract,



i.e. if X =Y — Z is a cofiber sequence in C then h(Z) — h(Y) — h(Z) is exact at h(Y).
Then, for any pushout square in C
A B

C —— D

with A and C' such that h(A) = h(C) =0, it follows that h(D) — h(B) is an isomorphism.
In particular, (C,F, A, h) is a localization context when F is taken to be all X € C such that
h(X)=0.

—

Proof. Note, since h is exact, it follows that F is closed under suspensions. Since C is stable

A——B
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C —— D

is a pushout square if and only if A - B & C — D is a cofiber sequence; by rotating, this
is also equivalent to B ® C' — D — > A being a cofiber sequence. The assumption that
h is exact and sends binary coproducts to binary products gives a Mayer—Vietoris type
sequence. By the assumption that h(A) and h(C') are both zero, and that A is an abelian
category, it follows that h(D) — h(B) is an isomorphism. Hence (C, F, A, h) is a localization
context. O

4 Equivariant Localization Theorems

In this section we apply Proposition 3.3 to prove localization theorems in contexts of interest.
We treat integer and representation graded cohomology theories seperately. In the integer
graded setting, there is a condition to check in order for a cohomology theory to admit a
localization theorem. In the representation graded context localization theorems always hold.

4.1 Integer Gradings

Let E be a homotopy commutative G-ring spectrum. The question of whether the resutling
G-equivariant cohomology theory EY (=) := 7. (F(—, E)) admits a Localization Theorem
has a pleasing algebro-geometric interpretation.

For any closed subgroup H of G, write Ef; = E&L(G/H); write fy: Ef, — Ej; for the map
induced by G/H — G/G. Let f};: Spec(E3) — Spec(Ef) be the map of Zariksi spectra
induced by fg.

Theorem 4.1. Let G be an abelian compact Lie group. Let X be a finite G-CW-complez.
Suppose that

U 75 Spec(E3)

H<G
does not cover all of Spec(Eg). Then there is a prime ideal p in Spec(Ef) such that
EL(X)p — EL(XY), is an isomorphism of E¢,,-algebras.



Proof. Given such a p it is clear that (Sp“,F, CRingp.. ,E&(—)p) forms a localization
p

context, where F is taken to be all S* ® ¥°G/H with H # G: Indeed, by Lemma 3.6, the
only thing to check is that Ef(G/H) = 0 for H # G, but this follows by assumption on p.
Hence the result follows from Proposition 3.3. O

The above statement is not sharp. Let us highlight the ways this is not sharp:

« Instead of looking at just the map X < X we can consider X < X for any closed
subgroup G.

o Abstractly, the condition that G is abelian can be relaxed, in this case X < X should
be replaced by G - X < X. However, in practice, for integer graded theories, there
will almost never be a suitable prime ideal to localize at in the case G is not abelian.

e The condition that X is a finite G-CW-complex can be significantly relaxed; instead
we can consider finite-dimensional G-CW-complexes with finitely many orbit types.
This is essentially sharp in the sense that, if either one of finite-dimensional or finitely
many orbit types are dropped then there exist G-spaces which are counter examples to
any reasonable version of a localization theorem.

o Localizition with respect to a prime ideal of Spec(Ef,) can be replaced with inverting
a multiplicatively closed subset of E¢,.

The following is a sharp version.

Theorem 4.2. Let G be a compact Lie group. Fiz H be a closed subgroup of G. Let X be a
finite-dimensional G-CW-complex with finitely many orbit types. Let © g(X) be the collection
of isotropy groups of X which H is not subconjugate to. If S C Ef is a multiplicatively
closed subset such that SN Ann Ej, # 0 for all K € Oy (X), then

STIEL(X) — STEL(G - xH)
is an isomorphism of ST'EY -algebras.

Proof. We take F to be all [[,.;S" ® ¥°G/K with K € Oy (X), and where [ is allowed to
be an infinite set. Then (SpG,]—", CRings—lEg,S_lEé) forms a localization context. Again,
by Lemma 3.6, the only thing to check is that ST'E&(]],c; X G/K) = 0 for K € Oy(X),
but this follows by assumption on S. Note, since [[,.; ¥°G/K — G/K induces a ring
map Ej — E&(]],c; XTG/K) it suffices to observe that the assumption on S implies that
S~1E% = 0. Now the result follows from Proposition 3.3. O

4.2 Representation Gradings

This result is essentially in tom Dieck [tD87], the main difference is we treat RO(G)-gradings
more carefully using the approach in [Qui], and we make the statement slightly sharper. We
can replace the integer graded theory Ef, with a representation graded theory Ef, everywhere
in the statement, and proof, of Theorem 4.2.

Theorem 4.3. Let G be a compact Lie group. Fiz H be a closed subgroup of G. Let X be a
finite-dimensional G-CW-complex with finitely many orbit types. Let © (X)) be the collection



of isotropy groups of X which H is not subconjugate to. If S C Ef is a multiplicatively
closed subset such that SN Ann E}, # 0 for all K € Oy (X), then

STIEL(X) — STEL(G - XH)
is an isomorphism of ST EY -algebras.

Proof. After replacing every instance of Ef, with a representation graded theory Ef in the
proof of Theorem 4.2 the proof is verbatim. O

The main difference is that in the representation graded setting we can always find a suitable
multiplicative closed subetset to invert.

Proposition 4.4. Let Ef be a representation graded cohomology theory. For any K < G
there exists an element e(Vi) € Ef, such that e(Vi) annhilates EL(G/K). In particular, for
any family of subgroups © there the collection (e(Vk))keo we can form a multiplicatively
closed subset S such that SN Ann E}, # () for all K € ©.

Proof. By the Peter—Weyl Theorem, for any closed subgroup K there is a representation
Vi and an equivariant embedding f: G/K < Vi \ {0}. Applying [tD87, Proposition 3.10,
pg. 194] to this embedding gives a class e(Vk ) such that e(Vk) annhilates ES(G/K) = E};.
The multiplicatively closed subset S for any family of subgroups © is then taken to be the
multiplicatively closed subset generated by e(Vi) as K varies through ©. O

Theorem 4.5. Let G be a compact Lie group. Fiz H be a closed subgroup of G. Let X be a
finite-dimensional G-CW-complex with finitely many orbit types. Let © be the collection of
isotropy groups of X which H is not subconjugate to. Then

EG(X)[e(Vi) 7K € 0] = BG (G- X™)[e(Vk) 7K € 6]
is an isomorphism of E[e(Vk) 'K € ©l-algebras.

Proof. This follows from Theorem 4.3 with the multiplicatively closed subset S taken to be
the generated by the euler classes from Proposition 4.4. O

4.3 Non-Abelian Compact Lie Groups

Let G be a non-abelian compact Lie group. Fix a maximial torus T inside G. It is often
said that Atiyah-Bott style localization theorems do not hold for non-abelain G. The main
reason for this is the following example.

Example 4.6. The Atiyah—Bott localization theorem cannot hold for integer graded G-
equivariant Bredon cohomology H¢(—) with coefficents C. Consider the G-space X = G/T.
This is a perfectly reasonable finite G-CW-complex. Note that Hj(X) = H}.. Note that
X% =0, so H:(XY) = 0. We have that H}, is the invariants of H} under the action of the
Weyl group, that is, Hf, = (H:)W. Recall that H} = Clx1,. .., 2,] where n = dim(7T). So
it follows that H (X) is a torsion free Hj-module. In particular, there is no multiplicatively
closed subset S C Hf, such that STYHY(X) — STYHE(XE) 2 0 is an isomorphism. Y

However, as shown in Proposition 4.4, in the representation graded setting E5(G/H) is
always a torsion EF-module.
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